arXiv:1507.02767v3 [math.DG] 2 Sep 2016 


Unstable CMC spheres and outlying CMC spheres 

in AF 3-manifolds 

Sliiguang Ma* 

September 5, 2016 


Abstract 

In this paper, we introduce a non-linear ODE method to construct CMC 
surfaces in Riemannian manifolds with symmetry. As an application we con¬ 
struct unstable CMC spheres and outlying CMC spheres in asymptotically 
Schwarzschild manifolds with metrics like Qij = (1 + + 0(rb. The 

existence of unstable CMC spheres tells us that the stability condition in 
Qing-Tian’s work [1^ can not be removed generally. 


1 Introduction 

Constant mean curvature (CMC) surfaces are a kind of important submanifolds. 
In this paper we mainly focus on the CMC spheres in asymptotically flat (AF) 
3-manifolds. First let’s state some background works in this area. 

In 1996, G. Huisken and S.T. Yau proved the existence of a foliation of stable 
CMC spheres in asymptotically Schwarzschid manifolds in [5] . They also proved, 
under certain radius condition, the uniqueness of the stable CMC spheres. In [12], 
J. Qing and G. Tian removed this radius condition, i.e. they proved that, outside 
certain compact subset, any stable CMC sphere which separates the compact 
part from infinity belongs to those constructed in j^. There are many sequential 
works. Lan-hsuan Huang did similar work as Huisken and Yau in general AF 
manifolds with RT conditions (those are a series of asymptotically “odd” or “even” 
conditions). See |1|. In [S], Nerz considered the existence of CMC foliation in AF 
manifolds without RT conditions. The uniqueness results of Huang and Nerz also 
need radius conditions. In |^, I proved a uniqueness result under mild radius 
condition, which improved Huang’s uniqueness result in |4] in some special case. 
In [7] , I removed the radius condition in proving the uniqueness in AF manifolds 
with decay rate of the metic to be —1. Gang Tian and Andre Neves have also 
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considered similar existence and uniqueness problems in asymptotically hyperbolic 
manifolds in [10] and m 

However, in all the above works, one has to assume stability of the CMC 
surfaces to prove the uniqueness ( In Nerz’s work he used an integral estimate 
on the mean curvature instead ). It was asked by Professor Gang Tian that 
whether one can remove the stability condition in proving the uniqueness and 
if the answer is no generally, when we can do this. In [1] Simon Brendle prove 
that in a class of warped product metrics the only CMC spheres are umbilic. 
In particular, in Schwarzschild manifolds with positive mass, the only embedded 
CMC surfaces are spheres of symmetry. This theorem requires assumptions on 
neither the topology nor the stability of the surfaces. Then it is natural to consider 
asymptotically Schwarzschild manifolds with positive mass. In this paper without 
loss of generality we consider asymptotically Schwarzschild manifolds with only 
one asymptotically flat end. Suppose (M, ds^) is a complete Riemannian manifold. 
For a compact subset K C M, we assume M\K is diffeomorphic to ]R^\i3i(0) and 
we assume are the standard coordinates of Denote 

I = \jx\ ^ x\ + x\. 

Note that the Schwarzschild metric with mass I takes the form 

9 % = (1 + 

with to be the standard Euclidean metric. 

We use the cylindrical coordinates {x, r, 9) to calculate, namely. 


{ Xi = x, 

X 2 = rcos 6 , 
X 3 = rsind, 


where r = \/x\ + x\. 

For A > 0 and p G M, let (j){s) = s £ [0, + 00 ] be a smooth monotonic 

function such that 


<^(s) 


I, s G [0, A], 
p, s G [2A, + 00 ], 


( 1 ) 


and 

A|<^'|+A^I</>"l<C|p-I|. (2) 


We consider asymptotically Schwarzschild metrics which take the following 
form on M.^\Bi{ 0 ) 


ds'^{di, dj) — Sij + Tij 

where 

{ Trr = gi{r,x) = j + p, 

Tee =52(r,x) =r2(f+ ^</)A,p(|^|)), 

Txx = 53 (^ 2 :) = I + 17, 

Trx = Tre = Txe = 0 . 


(3) 
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Note that when | = +oo, it should be understood as that a: = 0. 

Let 


1 + - 

X{r,x) = - - 




1 + 4 + 


F 


So we have + Tgg = r^x(r, x)(l + gi{r, x)). 

It is obvious that for fixed A,p, ds^ is a smooth metric and 


^ gS ^Ql^i- 2 y 


Remark. Note that 


X 2 =rcos0, 
X3 = rsinO. 


Assume a; = a;i > 0. Let ds^ — (1 + j^^ij = ^ij. Then by direct calculation we 
have 


Sij,ij Siijj — 




For any 0 < a < /5. 


I Sii^jj^(ix\(ix2d^3 

J Oi<Xi<0 

/*/3 1 r2A 

— 27t —dx / {2(l)'{s) + s(j)"{s))ds 

J OL ^ J \ 


=27r(i - -)(p- 1). 
p a 


So when p > 1, — Sujj makes a negative contribution to the scalar curva¬ 

ture. Whether the scalar curvature of an asymptotically Schwarzschild manifold 
is positive is a very delicate thing. When the scalar curvature is negative, we have 
more flexibility while when the scalar curvature is positive, we have more rigidity. 
This can also be seen in [2] and [3]. 

Now we can state the main theorems of this paper. 

Theorem 1.1. Suppose {M\K, ds^) is an asymptotically flat end with ds‘^[di, dj) = 
6 ij + Tij with Tij given by Q)- Then we can fix X > 0 small and p > 0 large such 
that there is S{X,p) > 0 such that for 0 < H < S{X,p), there is an embedded 
CMC sphere S which is unstable, has mean curvature H and separates K from 
infinity. All the unstable CMC spheres constructed can be parameterized by its 
mean curvature H. If we denote the area ofYi{H) by |S(iL)| and Iq = infa;gs |a;| 
then we have 


lo = OiH-^), 

\H^\X:(H)\ - 48tt\ < C{p)H. 
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This theorem answers Tian’s question partially. In the case of [T^ (hence in 
the case of 0 ), the stability condition can not be removed. 

In a more recent work [5] of S. Brendle and M. Eichmair, they constructed 
outlying CMC spheres which are stable in asymptotically Schwarzschild manifold 
with positive mass. By “outlying” they meant that the compact region bounded 
by S is disjoint from i?;o(E)(0). Our approach also works in such a setting. 

Theorem 1.2. There is an asymptotically Schwarzschild manifold {M,g) with 
m = 1 in which we can construct two sequences of embedded outlying CMC spheres 
which are parameterized by and a sequence of CMC spheres which 

separate the compact part from infinity, such that 

) = i/(S3) 

and S^,S^,S^ share a common symmetry axis and are tangent to at 

the two poles of E^ where X 2 = X 3 = 0. 

This result is a little weaker than that of [5] in that we do not discuss the 
stability of the surfaces. 

The main technique of this paper is direct analysis of a nonlinear ODE which 
comes from the study of Delaunay type CMC surfaces. In a recent work [5], Frank 
Pacard and I proved that along any non-degenerate closed embedded geodesic in 
a 3-manifold, one can construct constant mean curvature surfaces of Delaunay 
type of arbitrarily small size. It was asked by Frank Pacard that if we can de¬ 
form the neck size of a Delaunay type CMC surface along a closed geodesic to 
develop a singularity (which can be regarded as the boundary of the moduli of 
CMC surfaces). If one can do this and prove that the singularity is removable 
in certain sense, then one can construct CMC clusters in Riemannian manifolds. 
In certain sense, this paper is also related to this problem. The unstable CMC 
spheres constructed are in fact CMC clusters of “three bubbles” in asymptotically 
Schwarzschild manifold. The author believes that this ODE method can be used 
to construct many examples. Also we can use it to treat the question raised by 
Pacard in the case that the metric has rotational symmetry along the geodesic. 

The main contributions can be summarized as follows: The meridian curve of 
the CMC surfaces of revolution is determined by an ODE of the following type 

[ 9aiy) -^(1 + 9aiy?) + (2 + p)(i + 9a{y?)-^ = 0, 

<5a(0) =aG [0.95,1.05], 

= 0 . 

where the expression of p = p{H,ga,g'a,y) is given by ([7]) and jpj < CH holds, 
where H is the mean curvature, which is assumed to be a small positive number. 
If we neglect p, when a < 1, the solution is the meridian curve of Delaunay 
unduloid in As a —>■ 1“ the solution develops singularities at each integer at 
the same time. And the Delaunay surface converges to infinitely many spheres 
each one of which meets its two neighbors at its two poles. If we do not neglect 
p, for a fixed a < 1, when H is very small, the solution looks similar to p = 0 
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case. Look at the graph below. The difference is that the solution is no longer 
exactly periodic. When a goes up, the solution ga{y),y S [0,5] will develop a 
singularity. The singularity will develop at zi or Z 2 . To study this, we use the 
Delaunay parameter function 

T{ga{y),9'a{y)) = -yl{y) + -7=^^^- 



Before a singularity develops, T{ga{zi),g'^{zi)),T{ga{z 2 ),g'a{z 2 )) > 0. When a 
singularity develops, ga —>■ 0, —>■ oo, so t —>■ 0. So we will compare T{ga{zi),g'^{zi)) 

with T[ga{z 2 ),g'a{z 2 ))- Note that we have 



{9a{y),g'a{y)) = 9ag'aP- 


So 


rz2 

T{ga{z2),ga{z2)) - T{ga{zi),g'^{zi)) = / gag'aPdy. 

J zi 


So we have to study the function p. In our case, after some more calculations and 
arguments, we know © is reduced to 


H ^ H{ga -yg'J ^ - 3){ga - yg'^) 

d d^^l + g'^ M^y^l + g'^ 


H'^fj^'jy + 9a9a) 

8dV\/l + 5a 


+ C{p,X)0{H^) 


where (j) is given by O- Note that (p has two parameters X,p. At first glance, (p 
only appears in terms, which is not dominant. Here our key observation is 
that when H is very small 



H{ga - 99a) 


)dy = 0{H^) 


which is verified in Lemma 14.71 So when jpj is very large, the third term becomes 
dominant. So we have freedom to choose the place where the singularity develops, 
by choosing proper p and A. Despite the singularity, the surface of revolution is 
still smooth from Lemma HU If the singularity develops at Z 2 , we can get the 
“three-bubble” like CMC sphere by applying symmetric extension. Still, we can 
choose A and p properly such that the singularity develops simultaneously at zi 
and Z 2 - Then we can construct outlying CMC spheres. 

The paper is organized as follows. In Section 2, we derive the ODE which 
is satisfied by the meridian curve of a surface of revolution with constant mean 
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curvature. In Section 3, we analyze this ODE and prove the existence of the 
solution. In Section 4, we deform the Delaunay parameter until the singularity 
appears. And we can analyze the behavior of the solution at the singular point. 
In Section 5, we prove the two theorems. 


2 The mean curvature 

Suppose a surface of revolution S C M is defined by 

r = f{x) 

where fix) is a smooth positive function. We are going to calculate the mean 
curvature of such a surface. 

We assume (s, 9) to be the coordinate on the surface which satisfies 

d d df d d d d 

ds dx dx dr' 89 dx^ 8 x 2 

We have 

= 1+ /'(a;)2+53+ /'(a;)2gi, 

\g{ 8 g, 80 ) =r‘^+g 2 . 

The unit normal vector on E is 


V = Vr8r + VA 

where 

_ 1 

_r/_ \/l+gi _ 

(l+sa)yi+^/-' 

We use 14 to represent the normal vector in Euclidean metric, i.e. 

Tr f'8x 

We use < > to represent the inner product in the metric g and to 

represent the inner product in the Euclidean metric. The mean curvature 

HA = g^^ < VaA, ds > +A® < Va.V, 80 > 

< VoAds >= < i8sVr)dr,8s > + < VrVoA.ds > 

+ < i8sVAx,8s > + < VxVdsdxAs > ■ 
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By direct calculations we have 


< {dsVr)dr,d, > = {dsVr)f'il+gi), 

< {dsVx)dx,ds > = {dsVx){l + gs), 

ds^r: 9s ^ — ~^{9rgxx “t“ f 9rgrr)^ 

< > = ^{d^gxx + f^d^grr), 


< VooV,d8 > = Vr < Vdgdr^dg > +V; < Vde^x^dg > 

= -^{Vrdrggg + Vxd^ggg). 

So we get 

HiY.) = (1 + f(xf + 53 + nxfgi)-^[{dsVr)f{l + 51 ) + {dsV,){l + 53 ) 

+ -^{drgxx + f'^drgrr) + -^{dxgxx + f'^dxgrr)] 

+ {r'^ + g2)~^^{Vrdrggg + Vxd^ggg). 

From ([U, the expression of i?(S) can be reduced to 

H{^) =1(1 + 5i)-i(l + r )-i(-2(l + g^)f" 

+ (1 + /'^)(^r5l - f'dxgi) 

+ + 52)“^(1 + 5i)(l + /'^)(2r + 9^52 - f'dxg 2 )) 

= - (1 + 5i)-^(l + - 2{Ve ■ x'){l-^ + 1-4)(1 + 5 i)-i 

+ (1 + 5i)-^(l + n-^-^ + 1(1 +5l)-^x(r,cr)-lK(x)■ 

where x' = {x, f{x) COS0, f{x) sinO) and Ve(x) is the derivative of x(r,x) in the 
direction 14 = . 

\/i+7^ 

Now we have 

^ - 7(1 + (f )^) + iH+p){i+{^r)i= 0 , (4) 

dx^ j dx dx 

where 

P = y + 2(14 • + 1“'‘)(1 + 51 )"^ - lx"^14(x)- 

Since we want to get constant mean curvature surfaces, we assume iJ to be a 
small positive constant. Denote 

9 {y) = = y/( 2 ^)- 
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We have 


So we have 


where 


2 2 2 

g'iy) = fx{jjy),g"{y) = jjfxxijjy), 


g'iy) - + 9'iyf) + (2 + p)(i + g'iy)"f^ = 0 

g{y) 


P = jjP- 


We want to study ODE ([5]) instead of (|4]). 


(5) 


3 The analysis of the ODE 

Consider 


r g"iy) - ^(1 + g'iy?) + (2 + p)(i + g'iy)^)^^ = 0, 

< g{ 0 ) = a, (6) 

U'(0) = 0. 


We assume a G [0.9,1.1] and denote the solution by Qaiy)- Let us assume that 
7L > 0 is very small and the real number p is fixed. Let d = Then we have 


H ,H H'^. 
'’-T + <T+4J>5^ 


ga 


yg'a 


H H^4 


gi)v?+ 
ga - yg'a 


5a 


d3(l 


d 


~Ad!^ 




()>' _ y + gag'a 

(1 + f+ 1^)5^\/T+^ 


(7) 


In the following analysis, by a constant C ( or Ci^i = 1,2,-••) we mean a 
general (or a particular) uniform positive constant which does not depend on H, 
a,p,X or y. We use symbols C{H),C{p) to denote constants which depend on 
H,p, etc. 

First we have the local existence. Let Ai,A 2 , A 3 , A 4 be four positive constant. 
Let’s denote a domain in the phase space 


{(5,5');^2 <g< Ai,-A 4 <g'< A 3 } 


as D(,Ax, A 2 , A 3 , A 4 ). 

Lemma 3 . 1 . Suppose gaiy),y G [a, P],0 < o: < P solves And for some 

Ai, i = 1, - ■ ■ ,4, (ga, g'a) G D{Ai,A 2 , A 3 , A 4 ), y G [a, /3]. Then there is S > 0 such 
that the solution ga can be extended to [a,P + d). 
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Proof. Consider a system that is equivalent to m 

Jff'a =Wa, 

=±{l + wl)-{2 + p){l + wl)i. 

When {ga,Wa) & D{Ai, A 2 , A 4 ) and y G [q:,/3], we know d has lower bound 

A 2 . The right hand side has uniform bound and uniform Lipschitz constant with 
respect to ga,Wa. From the local existence of ODE system, we can prove this 
lemma. 

□ 


Then we have a “closed” property for the solution. 

Lemma 3 . 2 . Suppose ga{y),y G [a,/3),0 < a < (3 < +00 solves ( 0 ). And for 
some > 0,* = 1, - • • ,4, {ga.g'a) S D(Ai, A 2 , A 3 , A 4 ),y G [a,/3). If 

lirn ga{y), liin g'^{y) 
y^p- y^p- 

exist and are finite, then ga{y) (as a solution to can be extended to y = (3. In 
particular, if ga (y) and g'aiy) are both monotonic and bounded, ga can be extended 
toy = p. 

Proof If for some Ai,i=l,--- ,4, {ga,g'a) G T)(Ai, A 2 , A 3 , A 4 ), y G [a, (3) and 


lim ga{y), liin g({y) 
y^p- y^p- 


exist, then from dH) and ([71) we have 

lim 9a{y) 
v->P~ 


exists. By defining the values of ga,g'ai9a on (3 in the obvious way, we can prove 
this lemma. 

□ 

Lemma 3.3. Suppose ga{y) > 0,y G / solves (01 where I is an interval [a, (3] or 
[a,l3), 0 < a < (3. In the case of I = [a, (3), ga{l3) and g({l3) should be understood 
as a limit which is assumed to exist. 

Then 

1 . If ga{y) is monotonic in y and 0 < C~^ < \g(\ < C when y G I, then 

C~^\9a{l3) - ga{a)\ < \(3 - a\ < C\ga{f3) - ga{a)\. 

2 . If g'aiy) is monotonic in y and ka = ga\/l + g'aiv)^ satisfies that ka—\ does 
not change sign and 

C-^ <\ka-\\<C,yGl. 
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And we assume that \p\ < CH. Then when H is small we have 


C ^ inf ga < 

v&i 


_1/3-«l_ 

I arctang^(/3) - arctang^(a)| 


< C sup ga 
v&i 


Proof. We need only prove the case I = The case I = [a,j3) follows by 

considering [a, Pi] with Pi ^ p. 

The first one follows form 


\P-a\ = 


'f 

J Qr. 


I gaict) 9a 

and the second one follows from the fact that p is small and 

gadg'. 


\P-a\ = 


'9a(“) (3 + 5a^)(l “ (2 + p)^a) 


□ 


Now we will prove that for the solution of ([ 6 |), d = -s/y^ + 5a tias uniform 
positive lower bound independent of H and a G [0,9,1,1] . This is an important 
estimate. Only with this estimate can we know that |p| < CH. 

Lemma 3.4. We can choose A > 0 small and 6{p,X) > 0 such that when H < 
(5(p, A), for all a G [0.9,1.1], as long as the solution of ^ can be extended when 
y > 0, 


d= \/glPy'^> C > 0, 

IJ_ <l_ _ y + gg' I ^ C'jp- i| 

8rf^i + f+ ^)y^vT+^ A ’ 

IpI < CH. 

Proof. First let us pretend that p = p holds everywhere. So (/>' = 0 and 

^ H ga- yg'a ^ H'^ ga - yg'q 
^ d 2 d3(l +gi)v'l + g;2 4 ^4(1+gi)y'l+ 

^ _ 9a - yg'a _ P{9a " 99^) 

2 '3^(1 + f + 4 d4(i + H + ^)x/rT^' 

Let Da{y) solves 

r D'Py) - i4(l + D'{yf ) + 2(1 + D'{yf)i = 0, 

\ D{0) = a, (9) 

[o'(0)=0, 

where a S [0.8,1.2]. 

We state some facts of Da{y) without proof. There are do, Oi, (72, Ca > 0 such 
that. 
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1. For each a S [0.8,1.2], the solution of (O exists on [0, 5o]- 

2. Ri = {{Daiy), ^Da{y))-,a G [0.8,1.2],y G [0,(5o]} is trapped in the region 


^2 <C< 1 - 2 ,-C 2 <r;<0}. 


3. When a G [0.8,1.2], the solution D{y),y G [0,(5o] satisfies Dy/1 + D'"^ > |. 

4. For each a G [0.8,1.2], Da{Q) — Da{ 6 o) > C 3 and D'^{5q) < —C 3 . 

We may draw a graph in the phase space to illustrate this. In the graph below, 
^0 = 0.75. We can choose Ci = 0.5, C 2 = 2.4. Da{0) — Da{So) and —D'^{So) are 
positive continuous functions of a G [0, 8,1.2]. So C 3 can be chosen properly small 
and positive. 


g 



Let Ri be the closure of a bounded domain whose boundary contains 4 com¬ 
ponents, ri,r 2 ,r 3 ,r 4 . 


Li = {(-Do(y), ■^Da{y))-,a = 1.2, y G [0,(5o]}, 

r 2 = {{Da{y), -^Daiy))-,aG [0.8,1.2], y = ^o}, 

La = {{Daiy), ^Daiy))-, a = 0.8, y G [0, Jq]}, 
ay 

r4 = {{Da{y), ^Daiy))-, a G [0.8,1.2], y = 0}. 
ay 

Now we consider the orbit iga,9a) of ®- For each a G [0,9, 1.1], (yo(0),5a(0)) G 
r 4 . From Lemma O the solution of ® can be extended a little to y > 0. Then 
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the orbit will be extended into the interior of i?i. As long as the orbit keeps in 
i?i, we know d>Ci. So there are 5{p) > 0, C > 0 such that when 0 < H < S{p), 


IpI < CH. 


( 10 ) 


If {i9aiy),9aiy))iy e [0,^o]} c Ri, we have d = > min{do,C'i} 

as long as the solution exists. If it is not the case then we assume y' G (0,do) 
is the first time {ga,ga) touches dRi. We claim that for H sufficiently small, 
{9a{y'), g'aiy')) G r 2 . For this we consider the Delaunay parameter function 


T(5a,5a) 


ga 

\/r+^' 


One can regard it as the first integral of When y G [0, y'] 


d 



9ag'aP- 


( 11 ) 


Note that \gag'a\ ^ 1.2(72. From (11(11) . by choosing H even smaller, we have for 
each a G [0, 9,1.1], as long as {ga, g'a) G Ri, {ga,g'a) keeps in a small neighborhood 
of {Da,D'g). So {ga,g'a) no chance to touch Fi or Fa. From 


5a\/l +fla^ > 


( 12 ) 


and the fact that p is small, we can deduce 

9'a{y) = ^(1 + 9'a{y?){i - (2 + p)ga{y){i + g'a{yf f^) (13) 

ga{y) 


is always negative, which implies both ga and g'a are monotonically decreasing 
when y G [0, y'] . From Lemma 13.31 we have 

C(Ci,C 2 ,Ca)-' <y'< C(Ci,C 2 ,Ca). 


So if we choose 2A < (^((Fi, (72, (Fa) ^(7i and define (j) as ([T]), it will have no 
influence on the analysis above. And we know 


d > min{C(Ci, C 2 , Ca)-\Cl, <5o}. 

Note that when cj)' ^ 0, there hold y > C(Ci, C 2 , Ca)”^ and |-| < 2A. So from 

m 


So from 


< 


I J _ I _(1 + „'^)-h y+99' 

8rf^(i + f + ^) y" 

C\p-l\ 


A 


\9a-yg'a\ 


y/^+ 9a\/y^ + ga 
we can choose 6 {p, A) small such that jpj < CH. 


< 1 


□ 
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Now we can expand p in terms of H. For 0 < H < 6{p, A), 


P 


H ^ H{ga-yg'^) - 3){ga - yg'J {y + gqg'^) ^ ^ x)o(H^) 

d d^y'l + g'^ Ad^y'l + g'^ Sd'^y'^ + g'^ 


From now on we will always assume that S{p, A) is so small that \p\ < CH. 

It is obviously that exactly one of the following three will happen to ga{y), 
(HI): The solution ga{y) can be extended at least two times such that ga{y) € 
(0)^):5a(j/) =0; 

(H2): The solution gaiy) can be extended only one time such that gaiy) G 
(0,5),ffa(2/) =0; 

(H3): The solution gaiy) cannot be extended to a point y such that ga{y) S 
(0>5)>5a(y) =0. 

Let’s draw some pictures of the phase space to illustrate the three cases. 



HI happens 
g 




H3 happens 
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Lemma 3.5. There is a uniform C 4 > 0 such that if ga{y) can be extended to 
some yi > 0 such that 0 < gaivi) < C 4 ,g'g^{yi) < 0 and g"{yi) = 0, then there 
is j /2 > yi such that ga{y 2 ) £ (0, i) and g'^{y 2 ) = 0. Moreover, in [yi,y 2 ], ga{y) 
is monotonically decreasing and g'a{y) is monotonically increasing. (This can he 
seen in the case “HI” and “H2”.) 

Proof. From Lemma 13.11 we know that the solution can be extended beyond yi 
for a small interval. We want to show that, when y > yi, as long as the solution 
exists and ga > 0 and g( < 0, we have g'f >0. As before we denote 


ka{y) = ga^/l+g'a- 


Note that \p\ < CH. If ka{y) < 2 +ch ' have 

g:{y) = -{l + g'l){l-{2 + p)ka)>Q. 

9a 

From easy calculation 

- + g'a)^ + 9a{^ + g'a) '^9a9a- ( 14 ) 

When ga > 0,< 0, we have 


dk 


a 


dga 


dka{y) 1 

dy g'a 


{l + g'^)-^+ga{l + g'^)-^g 


n 

a 


ka{2 — (2 + p)ka) 


ga 


So we have 


_dfca__ ^ 

ka{2 - {2 + p)ka) ga 


(15) 


When y = yi, from g'f{yi) = 0, we have 2 - (2 + p{yi))ka{yi) = 1. So as long 
as the solution can be extended when y > yi and ga > 0, g( < 0 we have ka is 
monotonically decreasing. So once ka{y) < 2 +ch ' ^"(^) ^ holds as long as 
y > yi,ga >0 ,ga< 0. 

The problem is whether we still have ^"(y) > 0, when y > yi and 2 +l{yx) — 
ka > We choose 0 < Ct < . When 0 < ga{y) < ga{yi) < C 4 , 

ka = 9a{y)^/l + g';}{y) > and g({y) < 0 we have 


V^ + 9'aHy)>V2 


which implies g'aiy) < — 1- 

From direct calculations, 3 a uniform constant C > 0, such that when H is 
sufficiently small 


, „ H , ,,,, |g"| 

IH<(^y + ^5a|gJ)(i + ^^^ 

<CH{l + \g'J). 


-) + Cip,X)H\l + \g'J) 


(16) 
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From 


— ((2 + p)ka) — p'ka + (2 + p)fc^ 


and da (HU) we have 


dgc 


■(( 2 . 


p)ka)>\-{ 2 - 

2 Pa 


^2CH{l+g'^)ga 


I). 


(17) 


When y > yi,ka > from 

5 ;<-l 

we have, for H sufficiently small, ^((2 + p)ka) is positive. (Here we need the 
estimate g'^^ < —1. We use C4 for this technical reason.) So when y > yi and 
2 +l{yi) ^ ^ i+S?’ (2 + p)ka monotonically decreasing as y increases. 

So when y > j/i, 

g':{y) = Ul + g'a^)il-{2 + p)k,)>0. 

Pa 

By now we have known, when y > j/i, as long as the solution exists and 
0 < 5 a < C 4 and g'^ < 0, ya is monotonically decreasing and is monotonically 
increasing. Now we prove that there is a positive lower bound for pa- We assume 
the solution can be extended from yi to y 2 with 50 ( 52 ) > 0 and 50 ( 52 ) < 0. From 
m we know when 5 S [51,52] 


dpa _ 

dka 

dka 

J gaiv) 9 a J 

ka{v) ka{2 — (2 + p)ka) J 

k^(y) kai2-i2 + CH)ka) 


So we have 


which implies 


From 


we have 


In 


5a( 51 ) 
Paiv) 


< 


(lln + 

2 2 - (2 + Ci7)/co 


ka{y) < C{ 


Paijj) 
5a ( 51 ) 


)^. 


dg'a _g'l _ (i + (5')^)[i-(2 + p)fco] 

dPa g'a PaP’a 


g'Jg', 

9'a(V2) 1 + (ffa)^ 


> 


ra.ivi) 1 _ (2 + p)ka 
Jga{V2) 


Pa 


rg^iy,) 1 _ C(^4^) 

'^9a{y2) 


ga{y) 


dpa 

2 

-dpaiy) 


15 
















which implies 


^ln(l+ 5 a - ^ 5 a( 2 /i) "^{gaiyif - Qaih?)- 

“ yaKV'. 


So we have 

ga{y2) > e“‘^(l + 5a(yi)^)"^5a(2/i)- 

Suppose j/2 is the supremum of the values y2 until which the solution can be 
extended and 30(2/2) > 0 ,3^(32) < 0 . From Lemma [ 3.31 we can prove that 32 is 
bounded (We can divide 3o,3 G [3i;32] into two parts. On the first part ga is 
bounded, g'a < and on the second part — ^ < 3), < 0 and ka is away from ^ ), 
hence 32 is finite. 

From Lemma 13.21 and the monotonicity of ga and g'a we know ga can be ex¬ 
tended to 32 and 

3 a( 32 ) > e“‘^(l -f ga{yi)^rhaiyi), 

31 ( 2 / 2 ) < 0 . 


So we must have 3^(32) = 0 , or there would be a contradiction with the fact that 
32 is the supremum of 32. Because 04 < we have 0 < 30(32) < 5- 

□ 


Lemma 3.6. When a G [ 0 . 9 , 1 . 1 ], if (H3) happens, then 3y[ G ( 0 , -boo) such that 
ga{y) can he extended until ( 0 , 3 ]) but not until ( 0 , 3 ]]. Moreover, in ( 0 , 3 ]), 30(3) 
and g'a{y) are monotonically decreasing and 

hni_ 30(3) > 0, hni_ g'a{y) = -00. 
y^v'i y^v'i 


Proof. When a G [ 0 . 9 , 1 . 1 ], we claim, if (H 3 ) happens, when 3 > 0 , as long as the 
solution can be extended, 30(3) > 0 ,ga{y) < 0 , 3 "(3) < 0 . 

First we prove this claim. When 3 G ( 0 , ^) for a small 6 , 30(3) > 0 ,ga{y) < 
0 , 3 "(3) < 0 hold. If the claim were false then there would be some 31 > 0 such 
that 

3 a(31) > 0 , 3 l( 3 i) < 0,3"(31) = 0 


and in ( 0 , 31 ), 30(3) > Q,g'a{y) < 0,ga{y) < 0 hold. From the monotonicity of ga 
we have 


dr dr 1 
dga dy g'a 


(18) 


Since ga is bounded, there is C > 0 such that 


l'r(3a(3i),3l(3i)) - (o- a^)| = |r( 3 o( 3 i), 3 l( 3 i)) - r(a, 0)| < CH 


(19) 


3a( 31 ) = 


/ T(3a (31 ),3l ( 31 )) a-a^±CH 


kaiVl) 


- 1 


fca(yi) 


- 1 
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Note that ka{yi) G [ ^ So we can choose H sufficiently small such 

that ga{yi) < \J ~ choose in Lemma 1531 such that 

^ 0 . 9 -o.g+Cg <Ci< 2 (^^+ch) ' 5a(yi) — ^4' From Lemma [ffiS] one can find 

a contradiction with (H3). So the claim is true. 

Now we prove the lemma. Suppose the solution can be extended to [0,?/*]. 
From Qaiy*) > 0,9aiy*) < 0i5a(5*) < 0 and Lemma IffiTl the solution can be 
extended beyond y*. So we know the maximal interval in which the solution 
exists should look like [O,?/^) with y'l possibly be +oo. To see that y'l is finite, we 
just prove that when — ^ < < 0, is away from i. Then we can apply Lemma 

13.31 by dividing the orbit into two parts. Note that 


ka = 5^1 + 5 '^ = 


1± V^l-4T(l+g'2) 
2 


So we have 

From (iroi) and | we have 


^l_4r(l+g'2) 

2 


,, 1, V0.55± CiL 

'''“- 21 ^-^-■ 

And from the monotonicity we know lim^^^/-gQ(g), lim^^^/-g^(g) exist ( 
5a(y) is possibly -oo) and 

lini_ ga{y) > 0. 


We will see lim^^^/- g'g^{y) can not be finite. Should it be finite, if lim^^^/- ga(y) = 

0 , from m one could find yi < y[ such that g'aiyi) = 0 (where fca ~ 5 ) which is 
a contradiction. If lim^^^/- g(((g) should be finite and lim^_j,^/- ga{y) > 0, as y'l 
is finite, from Lemma o and Lemma ixn the solution can be extended beyond 
yi which is also a contradiction. So we have 


lim_ g'aiy) = - 00 . 

V^Vi 


□ 

Lemma 3.7. If (HI) or (H2) happens, there exists y^ < +00 such that ga can be 
extended to ys and gaiys) > 90 ( 2 / 2 ), 5 a( 53 ) > 0 ,g"(g 3 ) = 0. In [ 92 , 2 / 3 ] both ga and 
g'a are monotonically increasing. Moreover, there is C > Q which does not depend 
on a such that 

T(9a(2/3),9a(y3)) G [(1 - CiL)r(ga(yi), g),(gi)), (1 + CiL)T(ga(gi), g),(yi))]. 
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Proof. So from dT51) we know 


( 20 ) 


dr 1 
2 ^' 

From IpI < CH, we have 

k( 5 a(y 2 ), 3 l(j/ 2 ))-T( 5 a(yi), 5 l(yi))| <CHga{yif. ( 21 ) 

We know 

T-{9a{yi), g'aiyi)) = ~ ^ “ CH)ga{yif, (1 + CH)gaiyif]. 

So 

ri9a{y2), g'M)) e [(1 - CH)g,{yif, (1 + CH)ga{yin (22) 

From ga{y2) G (0, 5 ) and g'a{y2) = 0 we can get finer estimate for ga{y2), i-e. 

9aiy2) e ((1 - CH)ga{yif, (1 + CH)ga{yif). 

From Lemma 13.11 ga can be extended beyond 92■ And in a small interval 
(2/2,2/2 + 5 ), ga{y) > 0 ,ga{y) > 0 , 5 "( 2 /) > 0 . We want to show there is ys > j/2 
such that gaiys) — 0 and in (92,93), 9a{y) > 0 . If it were false, then as long as 
ga can be extended and j/ > j/2 we would have ga(y) > ^,g'a(y) > ^,9a(y) > 0- 
So when y > 92, both ga and g'a would be monotonically increasing. Suppose ga 
can be extended to (92,93) but not until j/3, where 93 is possibly +00. However, 
as ka(y2) = 9a(y2) < (1 + CH)ga(yi)'^ < (1 + CH)Cl < i, {(ga, 9 'a)',y > 2/2} 
can not intersect with fca = | or one would find a point j/3 such that 22”(2/3) = 0 
(where ka ~ ^). When y ^ y(f, there is a limit for (ga,9a) which lies in the 
region bounded by ga = 50(2/2), 27 a = 0 and ka = As in the last lemma, it is 
easy to prove that 53 has upper bound and from Lemma l 3 . 2 l and Lemma l 3.11 we 
can extend the solution beyond j/3 which is a contradiction. So there must be a 
2/3 > 2/2, 2/3 < +00 such that 5"(2/3) = 0 . We can choose 93 as the minimum of 
such values, so in (92,93), 9a(y) > Q,g'a(y) > 0,5"(2/) > 0 . 

From (1201) we know 

|T(5a(2/2), 51 ( 2 / 2 ))-r(5a(2/3),5l(2/3))| < CHgKys). 

So we have 

5a(52) e ((1 - CH)ga(y3)^, (1 + CH)ga(y3)'^)- 

Together with (|2^ we can deduce 

9a(y3) e [(1 - CH)ga(yi), (1 + CH)ga(yi)] 


and 

T(ga(y3),g'a(y3)) e [(l - CH)T(ga(yi),g'a(yi)),(l + CH)T(ga(yi),g'a(yi))]- (23) 

□ 
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Lemma 3.8. If (HI) or (H2) happens, pa can be extended to 2/4 > ys and 
9 a{y 4 ) S {^,1.2), g({y 4 ) = 0. In [y 3 ,y 4 ], Pa is monotonically increasing and 
is monotonically decreasing. There is C > Q such that 

\T{ga{y4),ga{y4)) - T{ga{y3),9aiy3))\ < CH. 

Proof. From Lemma [3.11 pa can be extended beyond j/ 3 . As long as pa can be 
extended and y > y 3 ,ga > 0,g( >0, we are going to prove that g" < 0. We know 
in a small interval ( 2 / 3 , 2/3 + 6 ) we have pa > 0, g(, > 0. From (1151) we know, when 
y > 2 / 3 , as long as the solution could be extended and pa > 0 ,g(> 0 , ka < 
ka will monotonically increase. If ka > „ , we have 

9a = “(1 + 9a)i^ ~ (2 + p)ka) < 0. 

9 

We are going to prove that when y > y^, pa > 0, 9 a > 0, 2 +^^ < ka < 
we still have g'f < 0. From (1^ and 2 +p{y 3 ) — ^ dg know pa < C 4 and 

27 ^ > 1. Similarly, we can derive (HU) and (HZl again. So we have (/"(2/) < 0. So 
when y > 2 / 3 ,27a > 0 , 9 a > 0, have pa is monotonically increasing and g'a is 
monotonically decreasing. So in this interval, pa can be regarded as a decreasing 
function of g^. We claim that, when 2 / > 2/3 and pa > 0,g'a > 0, as long as the 
solution could be extended, 

ka < 3. (24) 

To see this, by contradiction, we assume pa can be extended to some y 4 > 2/3 such 
that when y G ( 223 ,^ 4 ) we have 2 / 0 ( 2 /) > 0,g({y) > 0, and ^ 0 ( 2 / 4 ) > 3. Then there 
must be 2/4 G (93,94) such that ^ 0 ( 2 / 4 ) = 3. However if we integral (fTSl) from y( 
to y 4 we can get a contradiction. So we proved that ka < 3. So we have Pa <3. 
From the monotonicity of 2/0 and g( and Lemma |3.21 obviously the solution can 
be extended to some 2/4 > 2/3 such that 270 ( 2 / 4 ) ^ 3, 27 ( 1 ( 2 / 4 ) = 0. 

From (1201) we know 

k(ffo(2/4),ffa(2/4)) - r(ga(2/3),go(y3))| < CH. (25) 

□ 


Lemma 3.9. If (HI) or (H 2 ) happens, there holds 

^(50(2/4), 5 a(2/4)) - (a - a^)| + 150(54) - a| < CH. 

Moreover, if we choose a G [ 0 . 95 , 1 . 05 ] and H very small we have 50(54) G 
[ 0 . 9 , 1 .!]. 

Proof. From (fT^ (l23l) (1251) we get the conclusion easily. 

□ 

Lemma 3.10. If (HI) happens, pa can be extended to 2/5 > 54 such that 50(55) > 
0 , 5 a(55) < 0,50(55) = 0 and 

1^(50(55), 51(55)) -'r( 5 a( 54 ), 5 l( 54 ))| < CH. 
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If (H 2 ) happens, pa can be extended to 2/5 > 2/4 such that 

lim_ ffa > 0, 

lim_ g'a = -00. 

In either case, pa and 22^ are monotonically decreasing in (2/4,2/5)- 
Proof. This lemma can be proved in the same way as Lemma 13.61 

□ 


4 Analysis of the singularities 

Define a subset E{H) of [0,95,1.05] which includes all the a values such that (HI) 
happens to pa- And denote E{II) = {a G [0.95,1.05] : a ^ E{II)}. Obviously, we 
can choose H sufficiently small such that 0.95 G E{II), 1.05 G E{II). And from 
the continuous dependence of the solution of ODE on its initial values, E{H) is 
an open subset of [0,95,1.05]. Let 

a'{H) = \niE{H). 

We have a'{H) G E{H) and a'{H) > 0.95 for small H. 

Lemma 4.1. 

lim max{|c 2 ;( 2 /i)|, IffKys)!} = + 00 . 

a—¥a'{H)~ 

Proof. If it were not true, we could find a sequence a„ which tends to a'{H)~ 
such that for any n 

max{|g;^(2/i)|, |5a„(2f5)|} < C{H). 

So {pa^^PaJ e D{Ai{H),A 2 {H),A 3 {H),A 4 {H)) from Lemma [3JlEE[SH [3301 
So 

Il5a„(y)llc=([0.y.]) <C(H). (26) 

Note that yi,i = 1, - ■ ■ ,5 depend on a and H. Set 2/0 = 0. We are going to prove 
that there is C(7L) > 0 such that 

C(Lf)-^ <2/^-^/^-l <C(H). (27) 

We only prove this for 2/1 — yo and 2/2 ~ 2/i- The rest inequalities follow similarly. It 
is easy to see that < 3 and from the same argument as in the proof of Lemma 
EE we see when — ^ < < 0 on both sides of 2 / 1 , fca — 5 does not change sign and 

is bounded away from 0. By dividing the orbit into — ^ < 5 a < 0 and 5 ), < — i, 
we can apply Lemma 13.31 to get (Ell). 

By passing to a subsequence, we may assume that for fixed H, when a„ —>■ 
a'{H)~ we have Pi ^ y* for z = 1, • • • ,5 and 

<y:-yU<CiH). 
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Differentiate the ODE ([51) with respect to y once. From (E51) and (fT51) we know 

Il5a„||cj([0.y5]) ^ C'(^)- 

So ga„ converges to some g{y),y G [0, y^ — d] in for any small d > 0. We know 
g{y) solves ODE (| 6 |) with a = a'{H). From the uniqueness of the ODE, we know 
ga'(H){y) = giy),y e [ 0 , 1 / 5 ). By uniform estimate of ga„, we know g^.^H) can 
be extended to y = y^ and ga'[H)i.yt) ~ ^ ^^id in each interval [yt-iTy*] it has 
the same monotonicity as ga in [yi-i,yj\. Then from the proof of Lemma 13.51 we 
know (HI) happens to ga'(H} which is a contradiction. So we proved this lemma. 

□ 


So there is Si{H) > 0 which depends on H such that when —Si{H) < a — 
a'{H) < 0, 

max{|c/;(2/i)|, \g'a(.y5)\} > 

Lemma 4.2. There is C > 0 which does not depend on a, H, such that when 
-5i{H) <a-a'{H) < 0, 


^M\9aiyi)\,\9a{y5)\} > 

Proof. Let’s first assume 

< max{\g'^{yi)\, [gK/Zs)!} = IsKfo)!- 

From Lemma |S2|and 9aiyi)\/t + 9a{yi)'^ & [ 2 +dg ’ 2 -dg ] 
uniform C > 0 such that 

T{9aiyi),9aiyi)),T-igaiy3),9'aiy3)) ^ [C~^H,CH]. (28) 

From Lemma 13.81 and Lemma 13.101 we know 

0 < T(5a ( 2 / 5 ), 51(2/5)) < CH. 

Combining this with 5 a(y 5 )\/l + 51(55)^ G is C > 0 

such that 

If 

max{|5;(5i)|,|5;(55)|} = l5l(55)| 
we can prove the lemma similarly. 

□ 
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Let h{y) = — {y — VaY, y € [yi— 1 ,2/4 + 1 ]. hiy) solves the following ODE 

r h"iy) - + h'{yf) + 2(1 + h'(y)2)i = 0, 

< h{yi) = 1 , 

[h'iyi) = 0. 

There is exactly one ye G {ySiVA) such that gaiue) = 1 - Define two continuous 
maps 


$1 : [y6,y4] ->• R, 

‘^2 : [ys, ye] —^ R 

such that g'^(y) = $1(1/4) = Va and ga{y) = /i($2(?/)), $2(2/5) e (2/4 - 

1 ,2/4). We use a graph below to illustrate the definition of $1, $2. In this graph, the 
horizontal direction represents 2/a (2/) or h'{y) and the vertical direction represents 
ga{y) or h{y). 



We have the following estimates, 

Lemma 4.3. There is C > 0 such that when H is very small and —6i{H) < 
a — a'{H) < 0, 


|$i(2/) -2/1 < CH, 

|$2(2/) - 2/1 < CH{^— + I loggaiy)\). 

giiy) 

Proof. 

d^ijy) ^ dg'^ijj) d$i(2/) 
dy dy dh'{<^i{y)) 

_ j:il+9'a^)-i‘2+P)il+9'a^)^y 
i(l + /i'2)-2(l + h'2)lu^(^) ■ 

When -5i{H) < a- a'[H) < 0, \T{ga{y),9'a{y))\ < CH,y G [ 0 , 2 / 5 ]- So we know 
when 2 /G [ 2 / 6 ,2/4], 5 a( 2 /) S [h($i(j/))(l - CiL),/i($i(j/))(l + CiL)]. Hence, 

j:{l+9'a^)-{2+p){l+9'ar^\y 
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So the first estimate follows. For the second inequality, first we notice 
- H^ 2 iy 6 ))\ = - gaiy 6 )\ < CH. 

From /i'($i(?/ 6 )) = 1 , we know $i(j/ 6 ) = 2/4 - So h{^i{ye)) = ^ and 


\^ 2 {y 6 ) - $i( 2 / 6 )| < CH. 


When y e [2/3,//e], 


y - ye = 


rga{y) 2 
/ —dga 
j Qr. (vr) 9 a 


L 


ga.{v&) 9a 

ga(y) 


T + gl 


and 


’gaiye) Vgl- {T + gl)^ 
$2(2/) - ^’2(2/6) = / 

Jh 


dga 


r./t($ 2 (y)) 


'?i($ 2 (y 6 )) 

Sa(y) 


h' 


dh 


I 


(ye) \/l - 5 i 


fdga 


So we have 

$ 2 ( 2 /) -y - (^ 2 ( 2 / 6 ) - ye) 

r9a{y) 


r9a[y) 

7 ^ 

J ga(Vfi) 

i 


9 a 


T + gl 


haive) 

Sa(y) 


Vl-5a \/5a - (^ + ffa)^ 


)dffa 


- 2 rg 2 


/yalye) V^^^^\/9l^^JTT'^i9a\/gT^^jTTg^ + {t + gl)yicc^) 
When y G [2/3, l/e], 


dga- 




|r| < CH. 

From ( 1241 ) we know when y G [2/3,2/4] 


So 


'T + ffg ^ J_ > 1 
5a ka~ s' 


r + 9l>Y 


(29) 


From 2/a < ^ + C'^^) I''"! < CH, one can check that, for some C > 0 , 

9l-{r + gl)^>Cgl 
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So we have 


I, , -=1 < cMi±M 

Then 

r 9 a{v) H'^ + Hq'^ 

|$2(y) - y - ($2(1/6) - ye)! < Cl / 3 ^° rfga| 

J Qaiva) 9a 

< + |log5a(y)|). 

So we have when y G [ 2 / 3 , ye] 


JJ 

|$2(y) - y| < |$2(y6) - $i(y6)| + I$i(y6) - yel + C'i7(— + | log^al) 


<OT(^ + |logga| + l). 
9 a 


As 1 < C| log ^1, we get the second estimate. 


□ 


Lemma 4.4. When H is very small and —6i{H) < a — a'{H) < 0, 


I2/4 - 2 | < cVh , 
\y 5 - 3| < C^/H. 


Proof. From (1^51) we know 

^($2(y3)) = gaivs) < C'/H. 

So there is some j/g £ (ya.ye) such that gaive) = C'/H where we use the same 
constant C as the right hand side of the above inequality. From Lemma |4.31 we 
know 

lye - $ 2 (y^)| < CH{^^ + \ogga{y'e)) < CH\ \ogH\. 

9a\ye) 

We know that |$ 2 (y 6 ) — (y 4 — 1)| < CH. So we have 

lye - (y4 - 1)1 < CH\\ogH\. 

By applying Lemma 13.31 we can get 

lye - y2| < Cy/H. 
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In the same way we can find yi € (l,yi) such that ga{yi) = C^/H for some 
C > 0. And we can prove that 

\yi - 1| < CHiogH, 

\yi - 2 / 2 I < Cy/H. 

So 

|j /4 - 2 | = |y 4 - 1 - ?/6 + j/e - 2/2 + y 2 - yi + yi - l| 

< CH log H + C\/h < C^/h. 

The second estimate follows similarly. 

□ 


Lemma 4.5. When H is very small and —6i{H) < a — a'{H) < 0, 


rVi 2 ^ p 


if 

JyS 


9a - VQa 


(2/^+5a(2/)^)Vl+5a 


\/y'^ + 9aiy) 

dag'ady - 


-1 + h{y) 


zhh'dy\ < CH, 


rVi 

Jyi-l 


h — yh' 


-1 (j/2 + 2 Vl + h'2 


hh'dy\ < CH. 


Proof. For the first one we have an obvious reason to prove 


rVi 2 

/ / n , . ^gag'ady- 

Jy'e Vy +9a[yr 


1 




=hh'dj/| < Ci? 


instead, where ?/g € ( 2 / 3 , j/e) and gaWo) = C\/~H. By using Lemma [4.31 this can 
be verified as 


1 /: 


1 


3>2(y6) 


v'^ \/y‘^ + 9a(y)' 

Pa ( 2 / 6 ) 


fgag'ady- / 


1 


< 


r9u{i 

J QnXvL 


9a 


Vy^ + d{y)' 

9 a I , 

|aga 


zhh' dy\ 


gaiv's) Vy^ + gaiy)"^ \/«>2(y)2 + 5'a(y)^ 
rgdye) 

/ + |log5a|)c25a 

.2 o.. fytl 9a 


<C 

huiVe 

<CH'^\\ogH\pCH < CH, 


' 62 (^ 6 ) + KyY 


hh'dy\ < CH, 


if 

if 

ay. 


1 


< 


ye 

<CiJ. 


(ye) f2/^ + /i(2/)^ 

y4 ^ 


ry4z 

hh'dy — / 

9 Vr 


-T9ag'ady\ 


v'$l(2/)2 + h($i(j/))2 


ye \/2/^ +ffa(j/) 




rfyl 
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The proof of the second one is similar. 


□ 


From Lemma 14.21 using the same technique as the above lemma, we can prove 
Lemma 4.6. When H is very small and < a — a'{H) < 0, we have 


rvs 2 ryi+^ 2. 

A. ~ A. TPnS®**^ 


i/‘ 

J Va 


9a - VQa 


iy^ + ga{y)'^)W^ + 9a 


■■dag'ady - 


^2/4 + 1 

J Va 


2 -L h{yY 
h — yh' 


[y^ + h{yY)iVTn^ 


hh'dy\ < CH. 


Lemma 4.7. We can fix X > 0 small and p > 0 large such that there is 5{p, A) > 0 
small such that when 0 < H < S(p,X) and —Si{H) < a — a'{H) < 0, we have 
\ga{y 5 )\ > l5a(yi)l- ^^d moreover 

ga{y 5 ) = -oo, liniinf g'^{yi) > -oo. 

a—¥a'{H)~ a—¥a'{H)~ 


Proof. From Lemma 14.51 and Lemma 14.61 we know 

^ _(5a - yg'a) 

' /m i ^ /.,A2 /.,2 I 


r\ ^ ^ 

Jys \/y‘^ +. 

ry4+l 2 

•A/4-1 ^\/y‘^ + h{yY (y2 +/i(y)2)iyrT7F2 


VlFTgJW (5^ +5a(5)^) Vl + 5a 

1 h-yh' 


)ga9ady 
)hh'dy\ 


<CH. 

The following facts are the key to our proof. When 2/4 > 1, 
1 h — yh' 


/*y4+i 

/ ( 

Jy4-i 


-1 Vy"^ + KyY (j/2 +/i(2/)2)2 vTT772 

y4+i 2 


)hh'dy = 0, 


y4-i 

h — yh' 

-1 (2/2 + /i(?/)2)l-^l + /l'2 


zhh'dy = ., 2 ’ 


/■y4+i 
J 1/4-1 


hh'dy = — 2 • 


2 

2 

3^' 


The proof of these facts takes direct calculations which we omit here. 
From Lemma r4.41 we know I2/4 — 2| < C'/H- So 


A 


1 / 4+1 7 _ 7 / 1 

-3— hh'dy = —- ± 

-1 ( 2 /^ + h{yY)^\/l + /i'2 6 


So we have 


rys 


iJ 


■f^(5a - yg'a) 


\/y‘^ + ga{y)‘^ + gaiy)"^)^ \/^ + g'f 


:)5a5l'^5l < CH'^. 
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and when p > 3 



(p- 3)g^(ga - yg'J 
(y^ + gaiy)"^)^ + g'^ 


■gag'ady < -{p - + CH) 


< - 


(p-3) ^2^ 


From ([5]) 



{(j)-p)H'^{ga - yg'J 

(y^ +ga{y)^)i\/^ + ga 


gag'ady] < C\p- 


I + C{p, X)0{H^))gag'ady\ < C\p - 1\XH^ + C(p, X)X^H\ 

Also note that 



gag'aPdy] 


rgaiy^) 
' 9o.{vi) 


< CH^. 


L 


g^ivs) I 


go.{y2) 


-,pdga 


So we can fix A > 0 small and p > 0 large, and there is S{X,p) > 0 small that 
when 0 < H < 6{X,p) 


-CpH'^ < T{ga{y5),g'a{y5)) 
-CpH^ < T{ga{yX),g'a{yb)) 


ry5 

^{ga{yi),g'aiyi)) = / 


T{ga{y3),g'a{y3)) = 


yi 

ys 


'ys 


pgag'ady < 
pgag'ady < 


(30) 


From T{ga{jji),g'a{yi)) > 0,i = 1,3,5, we know 

Tiga{yi),g'a{yi)) = 1,3. 

Note that ka{yi) = 2 ±o(h) ^'^ = 1,3,5. So 

g'a{y^) = ^ ^ 

g'aivs) = ^^(l + 0(r)). 

So we have 

0 > g;(pi) > 

0 < g'a{y3) < 

and 

lim., g'aiy^) = -oo. 

a—>a' {H) ~ 

□ 
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Now we can analyze the singular limit of ga os a ^ o! {H) ■ 

Lemma 4.8. Choose p, X,d{p, X),di{H) such that the conclusion of Lemma 
holds. When a —>■ a'{H) , by passing to a sequence, we have yi ^ y* ,i = 1, ■ ■ ■ ,5 
and ga converges to ga'(H) ^ sense on every [0,y] C [ 0 , 2 / 5 ). (H2) happens to 
9a'(H){y) and 

lini_5a'(ff)(2/) = 0 , 

= - 00 . 

v^vl 

Proof. From 

9 aiy 5 ) =-00 

a—>a'{H) 

and g'g^ is monotonically decreasing on [j/ 4 , 2 / 5 ] we know for any j € N’*' when a is 
sufficiently close to a'{H), there is exactly one 2/5 S (2/4,2/5) such that g'aiyi) = — j- 
From 

< 9aiyi) < 0 < y'aiys) < ^ 

we know that (/„ is bounded independent of a on [ 0 , 2 / 5 ]- From the analysis of 
the last section, it is not hard to prove that (/a has both positive upper bound 
and positive lower bound on [ 0 , 2 / 5 ]- {9a, 9a) ^ D{Ai, A 2 , A^, A 4 ), where Ai = 

Ai{H,j),i = 1, • • • ,4. So on [ 0 , 2 / 5 ], 9a Fas uniform bounds. By using the same 
argument as in Lemma [4.11 we can prove that there is C{p,X,H) > 0 such that 

C{p,X,H)~^ < 2 /j - 2 /»-i < C{p,X,H),i = !,■■■ ,4. 

And from Lemma [3.31 we can prove that C~^ < y^ — y^ < C. So by passing to 
a sequence, we can assume yi ^ y*, i = 1, ■■■, A, y^ ^ 2 / 5 *- ^ud ga converges to 
ga’(H) in ^^^([0, 2 / 5 *]) sense, where ga’{H) solves ([B]) with initial value a'{H). By a 
diagonal method, we can choose Oi —>■ a'{H)~ such that for any j G N+ 

lim 2 /i =yi*- 

t—¥-\-oo 


It is obvious that 2 / 5 * is monotonically increasing in j. Note that we have 


3 + 1 _ j ^ f ^ _ 9adg'a _ 

-/-(j + l) (1 + 5a^)((2 + P)fca — 1) 

For any j > 0, when —j — 1 < g'^ < —j, we can choose a close to a'{H) such that 
ka is bounded away from (and bigger than) i . So there is Cj > 0 such that 

2 /^^ -yi> Cj. 

So we know — 2 / 5 *] > Cj. From the fact that the second derivative of ga has 

uniform bound in [ 0 , 2 / 5 ], know 


9'a'iH){yn = 


lim 

^a'{Hy 


9'a{yn = 


lim 

ia'{H) 


9'a{yi) = -j- 
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So we know 


-lim 9a'(H)iyi*) = 

Note that 

,7 ^ C 

\yi-y 5 \ < —■ 

If we take a subsequence further, we have 7/5 —>-7/5. So we have jj/g* — 7/5I < j. So 
we have 

lim yl* =yl. 

j-J'+oo 

From the monotonicity of we know 

5 l'(m(y) = -00. 

y-71/5 

For ka = ga\/l + g'a, by analyzing ([TS]), we know when y € [7/4,7/5], 


1 

2 + CH 


<ka< 


1 

1 - CH' 


( 31 ) 


So we have 

0 < gaiyi) < — 

hence ga'(H){yi*) < j and 


lim 5 a/( 44 ) (7/) = 0 . 

y^vi 

At last, noticing that any [0,7/] C [0,7/5) is contained in some [0,7/5) 1 °'' 
a close to a'{H). So we can prove the uniform convergence on [ 0 , yj. Obviously, 
(H 2 ) happens to ga'(H)- 

□ 


Here we draw a graph of ga'(H) (5), 5 G [ 0 ,55)- 





Singularity develops at >'5 

ga'(H)iy) is monotonically decreasing in [yl,yl). Now we use g to represent 
ga'(H) for short. Suppose y = y{g),g € ( 0 , ga'{H)iyt)] is the inverse function of 
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9a'{H){y),y & [yhyi)- We make even extension to y{g). 


(yig), 

= \ yh 
[yi-g), 


g e (0,5a'(j/)(yl)], 

5 = 0, 

g e [-5a'(ff)(y|),o). 


Then we have 

Lemma 4.9. y^’^^ig) has continuous second derivative in {—5,5) for small 5. 
Proof. is continuous at 0. When g > 0, 

dyeven ^ 

dg g'' 

From (l?T|) . we know when g is close to 0, g' ~ i. So we have 


lim 

S->' 0 + 


dyeven 

dg 


= 0 . 


So ( 5 ) has 0 derivative at g = 0. For the second derivative, we note that 


dPyeven 

dg'^ 


dg^g' g'^ 

l + g'^ll , ,, , ,(l + 5'^)^ 

- 7i -7 + (2 + P) -- 

g g 9 5 


(32) 


Regard as Gi{g) and as £' 2 ( 5 ). We get a linear ODE of first order, 

+ =(2 + p)G2(5), 

U(o) = o, 


with 


lim Gi(g) = 1 , 

3^-0+ 

Gi(g) = 1 + 0 ( 5 "), 

lim G 2 {g) = 1 . 

g->- 0 + 


The solution is 

1 _/®(2 + 5)G2(s)sexp(0(s^))(is 
9 ' 5exp(0(52)) 

So 


r 1 r /o ®(2 + p)G2(s)sexp(0(s2))ds 

iim -= lim — -^- - — - 

5 ^ 0 + gg' 5 ^ 0 + g^ exp( 0 (^^)) 


(2 + p)G2(5)5exp(0(5^)) 
s4™+ 25exp(0(52)) +52exp(0(52))0(5) 



lim p. 

9->'0+ 
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From © we know asy ^ yl, ga_,(^H) 0+, 

j/g. So the limit 

lim p 

g-s- 0 + 

exists. So from (15^ . —(0) exists. 


— 00 , we have d ^ y^, 


gn-ygi,. 

y/i+g'J‘ 


□ 


5 Proof of the main theorems 


Now we prove Theorem ll.il For any H sufficiently small, we have got ga’{H)iy)i 
where we have assume that ga'{H)[yl) = 0. Consider the surfaces of revolution 
defined by 

2 ,H , 2yt, 

r = -j^ga’{,H){^x),x G [0,-^]. 

From our construction, when a; G [0, the surface has constant mean curvature 
H. When x = from Lemma l4^ the surface actually has well defined and 
continuous mean curvature at this single point. So the mean curvature at this 
point must be H. Let S“(iL) be defined by 

2 r ^ ^ ^ r 22/5 

r = -^9a'(H){-^x),x € 


And let = E+(iJ) U Then S(iJ) has constant mean curvature H 

globally. It is obvious that S(iL) has sphere topology and it is embedded. 

From Lemma l3^ we know < 2o < CH~^. So it follows that for any 

compact set K, as long as H is sufficiently small, separates K from infinity. 

Now we calculate |S(iL)|. Let |S(iL)|e denote the area in Euclidean metric. 
We know that 


\m)\e 

\m)\ 


1| < < CH. 


So we need only to prove that |iL^|E(iL)|e — 487 r| < C{p)H. If we denote ga'(H) 
as g for short, we have 


rvz _ 

H^\nH)\e = I67r / g^l + g'^dy. 

Jo 

First we consider the integral on [ 1/2 )//I]- From (1301) we know. 


H^<T{g{yl),g'{yl))<CpH^ 


Then for some C{p) > 0, CH < g{y^) < C{p)H,C{p)H ^ < g'{yl) < CH 
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There is G [ 2 / 3 , 2 /!] such that g'{y^) = 1- We have 


rVi _ fVi _ 

/ g^/l+^dy- h{s)^l + h'‘^{s)ds\ < C{p)H, 

Jve J^iiVe) 

I / h{s)^/l + h'^{s)ds\ < C{p)H, 

■J 




'^ 2 (^ 6 ) 
■dg - 


r9{y, 

J a(v^' 


Vl + h'2 


aivS) 

‘^ 2 ( 1/3 


dh\ < C{p)H, 


roivl) 

I / 

3 ( 2 / 3 ) 

/•33 ,_ r^-2yV3) , - 

I / 5\/l + g'2d2/|,| / hVl + < C'(p)i?, 


where the third one holds because 


g h' g 

and the fourth one holds because 2/3 — 2/2 ^ C{p)H. 
By direct calculation we know 


f h\/l + h'‘^dy 
Jyl-i 


= 1 . 


So gathering all the inequalities we have 

I r%x/i+ff'2dy-ii<c(p)i?. 

dyi 

In a similar way we can prove that 

ry2 - 

g\/\TV^dy - 1| < C{p)H, 
yl 
yl 


_ 

1/ g3/l + ^-l\<CH. 
J yt 


So we know 


So 


rVb 

1 / g3/lT^-3\<C{p)H. 

Jo 

\H^\EiH)\,- 487r\<Cip)H. 


However, if we revise Qing and Tian’s proof of the uniqueness CMC spheres in 
[12], we know for a stable CMC sphere that separates the compact part from 
infinity and with 2o large, should be close to 16tt. So the CMC spheres we 

constructed are unstable. 
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Now we prove Theorem 11.21 Let’s revise Lemma IT771 Similarly we can choose 
p < 0 small and 6 (p) > 0 such that when 0 < H < S{p) and —Si{H) < a—a'{H) < 
0, we have \g'a{yb)\ < \9'aiy^)\- can choose a proper p = p{H) such that 

\ 9 aiy 5 )\ = l5o(yi)l- In this case, we have 

lim^^ g'aiyb) = lim 9aiyi) = -00. 

a—^a{H) a—¥a{H) 

Now we can analyze the behavior of 9a on yi and ys by using the same method 
as used in Lemma [4.81 We will get a singular limit of three spheres (each one is 
embedded). They share the same axis and the central one meets its two neighbors 
at two poles where a ;2 = = 0. By using the same method as used in Lemma 

14.91 we know all the three spheres are smooth and have constant mean curvature 
H. 

The problem is, for different H, we may get different p{H) (which is bounded 
independent of H). Note that for a particular H > 0, when we do all the con¬ 
structions above, only the metric in a domain 

D{H) = {{xi, X 2 , X 3 )\C~^< \jx\+x\+x\ < CH~^} 

really matters. If we have constructed = 1,2,3 for some Hn > 0, we can 
choose a much larger scale to construct = 1,2,3. We may assume that 

D{Hi), D{Hj) are disjoint for i ^ j. We choose p as a smooth function of I = 
y/xl + X 2 + x^ such that p = Pi in each D{Hi). We can assume that D{Hi) is far 
away from D{Hi^i) and p'{l) is small enough such that the (px^p term does not 
influence the mass. In this way, we get a smooth asymptotically Schwarzschild 
metric with mass 1. Then we can prove Theorem 11.21 
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